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Abstract 

O; 

For a family of second-order elliptic systems of Maxwell's type with rapidly oscillat- 
| ing periodic coefficients in a C 1,a domain 0, we establish uniform estimates of solutions 

CN ■ u £ and V x u £ in LPiVi) for 1 < p < oo. The proof relies on the uniform W 1,p and 

Lipschitz estimates for solutions of scalar elliptic equations with periodic coefficients. 
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1 Introduction 

Let O be a bounded C 1,a domain in M 3 for some a > and n denote the outward unit 
normal to <9ft. Let A(y) = (a>ij(y)) and B(y) = (%(?/)) be two 3x3 matrices with real 
entries satisfying the ellipticity conditions: 

m 2 < av(v)t& < -lei 2 , /iiei 2 < < -lei 2 (i-i) 
o ■ ^ ^ 

for any (,!/ 6 i 3 and some /i > 0. Consider the second-order elliptic system of Maxwell's 
type: 

V x (A(x/e)V x u e ) +B(x/e)u £ = F + V x G in ft, (1.2) 

where u e is a vector field in ft and e > a small parameter. Given F,G 6 L 2 (ft;IR 3 ), it 
follows readily from the Lax-Milgram Theorem that the elliptic system (11 .2p has a unique 
(weak) solution in 

V 2 (ft) = {m G L 2 (ft; M 3 ) : V x u G L 2 (ft; M 3 ) and n x w = on 9ft}. (1.3) 

Moreover, the solution satisfies the estimate 

IKIIi*(n) + II V x u s \\ L 2 (a) < C {\\F\\ L 2 m + ||G|| L 2 (n) } , (1.4) 

where C depends only on fi and ft. Suppose, in addition, that the matrices A(y) and B(y) 
are periodic with respect to Z 3 : 

A(y + z)=A(y) and B(y + z) = B(y) for any ?/ G M 3 , z G Z 3 . (1.5) 
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It follows from the theory of homogenization that u £ — > u$ weakly in Vq(Q) as e — > 0, and 
u is the unique solution in Vq(Q) of the homogenized system: 

V x (A V x u ) + B u = F + VxG in Q, (1.6) 

where Ao and Bo are constant (effective) matrices given by 

A = (U(A- l )Y l and B = H(B). 

We refer the reader to [HI pp. 81-91] for the definition of Aq and -Bo as well as the homoge- 
nization theory for (11.21) . 

In this paper we consider the boundary value problem for the elliptic system (II. 2ft : 

V x (A{x/e)V x u e ) + B(x/e)u £ = F + V x G in Q, 

n x u £ = f on dQ. 

We shall be interested in the estimates of u £ and V x u £ , which are uniform in e > 0, in 
L P (Q) for 1 < p < oo, under the ellipticity and periodicity conditions on A and B. 
For 1 < p < oo, let 

V P (Q) = {ue L P (Q;R 3 ) :Vx«6 L P {Q;R 3 )}. (1.8) 

If / G L p (dQ; R 3 ) and n ■ / = on <9f2, we will use Div(/) to denote the surface divergence 
of / on dQ, defined by 

< Div(/),V> >w~ 1 -p(dn)xw 1 -p' (dn) = ~ / <f\V tan ^>da, (1.9) 

where ip G C°°(R d ) and VtanV' = V^— < V^, n > n denotes the tangential gradient of ip on 
dVt. The following are the main results of the paper. 

Theorem 1.1. Let 1 < p < oo and Q be a bounded, simply connected, C 1,a domain in R 3 
with connected boundary. Suppose that A and B satisfy conditions ( fi.ij) and ( fi.5]) and that 
A, B are Holder continuous. Let F,G G L p {Vt; R 3 ) and / G L p (dfi; R 3 ) wift n ■ f = on dtt 
and Div(/) G W~p' p (dQ) . Then the boundary value problem {l.lty has a unique solution in 
V P (Q). Moreover, the solution u £ satisfies 

IMUnn) + ||V x u e \\ LP t£i) 

(1.10) 



< C p \\\F\\„w + \\G\\ Lm + \\f\\ LPm + l|Div(/)!l w -i P(an) 
where the constant C p is independent of e > 0. 

Theorem 1.2. Lei f2 be a bounded, simply connected, C 1,a domain in R 3 with connected 
boundary. Suppose that A and B satisfy conditions U.l\) and U.5\) and that A, B are Holder 
continuous. Also assume that A is symmetric. Let F,G G C 7 (f2;R 3 ) and f G C 7 (<9f2;R 3 ) 
with n ■ f — on dQ and Div(/) G C 7 (<9f2) for some 7 > 0. Let u £ be the unique solution of 
(T?P in V 2 {VL). Then u £ , V x u £ E L°°(ft;R 3 ) ; and 

||w £ ||i,°o(n) + ||V x M e || L oo( n ) ^ 
< C 7 {||F||cT(n) + + ||/||c7(gn) + ||Div(/)|| CT (an)} , 

where the constant C 7 is independent of e > 0. 
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Besides the interest in their own rights, uniform regularity estimates are an important 
tool in the study of convergence problems for solutions u £ , eigenfunctions, and eigenvalues 
in the theory of homogenization. For the elliptic systems 

- div(A(x/e)Vu £ ) = F in Q, (1.12) 

where A(y) = (a*f(y)) with 1 < i,j < d and 1 < a, f3 < m is uniform elliptic, periodic, and 
Holder continuous, uniform W ,p estimates, Holder estimates, and Lipschitz estimates were 
established in pQ [2] for solutions in C ,a domains with the Dirichlet boundary condition. 
Analogous results for solutions in C 1,Q domains with the Neumann boundary conditions were 
recently obtained in [8]. We mention that for suitable solutions of div(A(x/e) Vw e ) = in a 
Lipschitz domain Q, under the additional symmetry condition a® (y) = a^ly), the following 
uniform L 2 Rellich estimates: 

~ ||Vt an w £ |U 2 (an) (1-13) 

L 2 (an) 

were proved in [9] [10], where du e jdv e and Vt an w £ denote the conormal derivative and tan- 
gential gradient of u £ on dQ, respectively. The proof for the Lipschitz estimates in [S\ relies 
on the L 2 Relllich estimates in [TO]. As a result, the Lipschitz estimates in [8] for solutions 
with the Neumann boundary conditions, which are used in the proof of Theorem ll.2[ were 
established under the additional symmetry condition. 

To prove Theorems 11.11 and ll.2[ our basic idea is to reduce the study of ( II. 2p to that of 
a scalar uniform elliptic equation of divergence form. This uses the well-known fact that on 
a simply connected domain Q in M 3 , u G L 2 (Q; M 3 ) and V x u = in Q imply that u = VP 
in Q for some scalar function P G i/ 1 (fi). It also relies on the fact that on a bounded C 1 
domain Q with connected boundary, u G L P (Q; IR 3 ) and div(w) = in Q imply that u = V x v 
in Q for some v G W l,p (Q; M 3 ). The approach allows us to reduce the estimates (ll.lOp and 
( 11.1 ip to the W l,p and Lipschitz estimates for solutions of the scalar elliptic equation 

-div(A(x/e)(Vw £ + g)) = F in ft. (1.14) 

We point out that both the Dirichlet condition and the Neumann condition for the elliptic 
equation ( I1.14p are needed to handle the system (jl.2p . 

The rest of the paper is organized as follows. In Section 2 we collect some basic facts 
related to the divergence and curl operators, which will be needed in Section 4. In Section 3 
we establish the W ' p and Lipschitz estimates for ( 11. 14ft in a bounded C ,a domain. While 
the W 1,p estimates for ( I1.14p follow readily from those for (I1.12p with m = 1 in [H[2] and [8], 
the desired Lipschitz estimates require some additional argument, involving the Green and 
Neumann functions for (I1.12p . The proof of Theorem II. II is given in Section 4, and the proof 
of Theorem 11.21 in Section 5. Finally, we point out that under the additional assumption 
that A is Lipschitz continuous, B is a constant matrix, and Q is C 1 ' 1 , it follows from the 
estimate (jl.lOp that 

Klk^o) < C p {\\F\\ LP{Q) + ||div(F)|| LP(Q) + ||G||rp ( n) + \\f\\ w ^,P {m) } 

for 1 < p < oo (see Remark [2.4h . 
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2 Some preliminaries 



The materials in this section are more or less known. 

Theorem 2.1. Let Q be a bounded, simply- connected, Lipschitz domain in R 3 . Suppose that 
u G L P (Q;M. 3 ) for some 1 < p < oo and V x u = in Q. Then u = VP in Q for some 
P e 

Proof. The case p > 2 follows directly from the case p = 2, which is well known. The case 
p < 2 may be proved in the same manner as in the case p = 2 (see e.g. (7J pp. 31-32]). □ 

We will use W t,p (dVt) to denote the Sobolev-Besov space of order t and exponent p on 
dVl for -1 < t < 1 and 1 < p < oo. Note that the dual of W^ p {dVt) is given by W^ q {dQ), 
where q = p' = -^y. 

Theorem 2.2. Let Q be a bounded C 1 domain in R 3 with connected boundary. Let g G 
L P (Q; R 3 ) for some 1 < p < oo. Suppose that div(g) = in Q. Then there exists h G 
W 1,p (£l; M 3 ) such that V x h = g in fi. Moreover, div(h) = in £1 and \\h\\ w i, P ^ < 
C p \\g\\Lp(n), where C p depends only on p and Q. 

Proof. The result is well known for smooth domains. The proof for the case of C 1 domains is 
similar. We provide a proof, which follows the lines in j7] and jl], for the sake of completeness. 

We first note that if u G L P (1R 3 ;1R 3 ) with supp(w) C B = B(0,R) and div(w) = in 
IR 3 , then there exists v G W 1,P (B; M 3 ) such that V x v = u in B, div(u) = in B, and 
IM|vk 1 .p(b) < C p |M|lp(r3). To see this, we let v = V x w, where 

w(x) = / T(x-y)u(y)dy, 



and T(x) = (47r|x|) 1 is the fundamental solution for —A in R 3 , with pole at the origin. It 
follows from div(w) = in R 3 that div(w) = in R 3 . Hence, 

Vxw = Vx(Vxw) = —Aw + V(div(w)) = — Aw = u. 

Clearly, div(t> ) = in R 3 . Also, by the Calderon-Zygmund estimate and fractional intergal 
estimate, 

IMIvr^CB) ^ C ||Vw|| w i, P (_B) < Cp ||u||lp(r3), 

where C p may depend on R. 

We now consider the case where Q is a bounded C 1 domain with connected boundary. 
Choose a ball B = B(0,R) such that Q C B(0,R/A). Since dQ is connected, B \ Q is 
a bounded (connected) C 1 domain. Also, g G L P (Q; R 3 ) and div(g) = in Q imply that 
n ■ g G W~^ p {dVL) and 

< n • g, 1 > _i i „, =0. 

It follows from |5] that there exists / G H /1 ' P ( J B \ H) such that Af = in B \ O, ^ = n- g 
on and |^ = on Moreover, 

IIWLp( B \fi) < ^ ll« ■ ^ll w -i,P (an) ^ ^ Ibll^(n)- (2.i) 
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Define 




Note that g G L P (M. 3 ; IR 3 ) and for any ip G C^ 1 ^ 



g ■ Vip dx = / g ■ Vip dx + V/ • Vip dx 
Jn Jb\q 

=<n-q,ip> _i_ i D , + / Vf-Vipdx 

= 0. 

Thus, div(g) = in IR 3 . It follows from the first part of the proof that g = V x h in B for 
some h G W /1,p (i?; IR 3 ) with div(/z) = in B. Furthermore, 



\W x <p(Q,) < IWIw^B) < Cp < Cp ||<7||l,J>(f2), 

where we have used (12.11) for the last inequality. This competes the proof. □ 

Theorem 2.3. Let 1 < p < oo and Q be a bounded, simply- connected, C 1,1 domain in R 3 
with connected boundary. Let A = A(x) be a 3 x 3 matrix in IR 3 satisfying the ellipticity 
condition 113.1]) . Also assume that A is Lipschitz continuous. Then, for any u G L P (Q; 
such that the right hand side of A2.2\) is finite, 



HVuHx^n) < Cpj || V x u\\ LP(n) + ||div(.Au)||iP(n) + \\n x u\\ w i-±, P{9u) j, (2-2) 
where C p depends only on p, Q, and A. 

Proof. Let u be a function in L P (Q; IR 3 ) such that the right hand side of (I2.2p is finite. Let 



g = V x u in f2. Then g G L p (f2;IR ) and div(g) = in f2. In view of Theorem I2.2[ there 
exists h G W l > p (tt; IR 3 ) such that g = V x h in Q, div(h) = in Q, and 

\\h\\w^p(n) < C p ||V x u\\ LP{ n). (2.3) 

Let w = u — h in Q. Note that w G L P (Q; R 3 ) and V x w = in Q. It then follows from 
Theorem 12. II that there exists P G W 1,P (Q) such that w = VP in Q. 
We now observe that 

div(AVP) = div(Au) - div(Ah) G L p (ty (2.4) 

and 

n x VP = nxu — nxhE W 1 ~*' p (dQ), (2.5) 
where we have used the fact that Q is C 1 ' 1 and 

" n X fc H^-** (fl0 , ^ C H^^-i-fao) ^ C W h Ww) < ^ IIV x u\\ LP( n). (2.6) 
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Finally, we note that if J dn P = 0, 

IIPII 2 i p <C||V tan P|| <C||nxVP|| . 

It follows from the W 2,p estimates for elliptic equations in C 1,1 domains (see e.g. [6]) that 
IMIw^n) < IHIw^cn) + ||VP||^i,p(n) 



< C \ || V x u\\ LP{n) + ||div(Att) \\ L p(q) + \\n x 



u\\ i_I 



'ff 1 p' p (8Q). 

This completes the proof. □ 

Remark 2.4. Assume that Q is a bounded, simply-connected, C 1 ' 1 domain in IR 3 with 
connected boundary and that P is a positive-definite constant matrix. Let u £ be a solution 
of (HZ7D- It follows from (£2D th at 



(2.7) 



iVtt 



-*(n) < { II V x M £ || LP(f7) + ||div(Pu e )IU*(fi) + ||n x u s\\ w i-± P{m ^ 
= Cp|||V x M e || iP(c) + ||div(P)|| LP(n) + ||n x u e \\ wl _i j . 

This, together with (11.101) . gives (11. 15ft . 



3 Uniform estimates for scalar elliptic equations with 
periodic coefficients 

In this section we establish the W l,p and Lipschitz estimates for solutions of the elliptic 
equation (11.141) . These estimates will be used in the proof of Theorems 11.11 and 11.21 

Let A = A(y) = (ay(y)) be a d x d matrix in R d , d > 2. We say A G A(/i, A, r) for some 
// > 0, r G (0, 1], and A > 0, if A satisfies the ellipticity condition, 

/ilel 2 < aaivKitj < -l^ 2 for any y G M d and £ G M d , (3.1) 

the periodicity condition, 

A(y + z) = A(y) for any y G K * and z G Z d , (3.2) 
and the smoothness condition, 

|A(x) - A{y)\ < X\x-y\ T for any x,y G M d . (3.3) 
We start out with the iy 1,p estimate for solutions of the Dirichlet problem. 

Theorem 3.1. Let 1 < p < oo and fl be a bounded C 1,a domain in M d ; d > 2. Suppose that 
A G A(/i, A, r). Lei u> e G V4 /1 ' p (n) 6e t/ie solution of the Dirichlet problem: 

div {A(x/e)(Vw £ + <?)} = div(P) m fi, 
w e = f on dQ, 
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where g G LP(fl;R d ), F G LP(fl;R d ), and f G W^'^dfi). I^ien, 

||w e ||wi*(n) < C P {l|p||iP(n) + \\F\\lp(q) + 11/11 w i-^ (an) } ' ( 3 - 5 ) 

where C p depends only on p, \x, A, r, and fl. 

Proof. Rewrite the elliptic equation in ( 13. 4ft as 

div{A(>/£)Vw £ } = div(F - A{x/e)g). (3.6) 

The estimate ( 13.51) is a simple consequence of (2J Theorem C]. □ 

The next theorem establishes the Lipschitz estimate for solutions of the Dirichlet problem. 

Theorem 3.2. Suppose that A and fl satisfy the same assumptions as in Theorem \3.1[ Let 
g G C^(fl;R d ), F G C^(fl;R d ), and f G C^dfi) for some < 7 < a. Let w £ G H^fl) be 
the solution of the Dirichlet problem \3.J$ - Then Vw £ G L°°(fl) and 

\\Vw £ \\ L ao(a) < C 7 {||p||cT(n) + ll^llc-r(n) + H/llc^.T^n)} > (3-7) 
where C 1 depends only on 7, \i, X, t, and fl. 

Proof. We begin by choosing h G C 1,7 (fi) so that h = f on dfl and ||/i||ci,-y(n) < C H/Hc^an)- 
By considering w £ — h, we may assume that / = 0. Next, in view of (13. 6p . we may write 

f d f d 

w £ (x) = - J ■^-{G £ {x,y)}a ij (y/e)g j (y)dy + J -^-{G £ {x,y)}Fi{y) dy 

= w { £ \x) +wf\x), 



where F = (Fi, . . . , Fa) and G e (x, y) denotes the Green function for the operator — &\v(A(x/e)V) 
in fl, with pole at y. It follows from [1] that for any x, y G fl, 

\G £ (x,y)\<C\x-y\ 2 - d , 
\V x G £ {x,y)\ + \V y G £ {x,y)\ < C\x-y\ l - d , (3.9) 
\V x V y G £ {x,y)\ < C\x-y\ 



-d 



where C depends only on //, A, r, and fl. We note that if d = 2, the first inequality in (13.91) 
should be replaced by \G e (x,y)\ < C(l + log \x — y\). Using (I3.9p . we see that for any x G fl, 



\Vwi 2 \x)\ 



I ^-.{^- G ^y)}{ F i(y) - F i(*)}dy 

dy (3.10) 



< G \\F\\ C i(q) 

< G \\F\\cr(n) 



d— 7 



Finally, to estimate Vw £ l \ we let $ e (x) be the Dirichlet corrector for the operator 
—div(A(x/e)V) in fl; i.e., $ e = ($ S)1 (x), . . . , $ £>d (x)) is the function in H 1 (fl;R d ) satis- 
fying 

' div(A(x/e)V$ £ik ) =0 inO, 
= £fc on dfl. 
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Since $ e & — x k = on <9fi and 



d 

-div{A(x/e)V($ et k - x k )} = {a ik (x / s)} in ft, 



we see that 



$ £ , fc (x) 

for 1 < k < d. It follows that 



d 

— {G e (x,y)}a ik (y/e) dy 



(3.12) 



\Vw^{x)\ 



d 



{V x G £ (x,y)}{a ij (y/e)g j (y) - a ij (x/e)g j (x)} dy 



< 



V x V y G E ( Xj y) | \A(y/e) \ \g(y) - g(x)\ dy 
d 



+ 



9A X ) 



dy>, 



{V x G E (x,y)}{a i: j(y/e) - a i:j {x/e)} dy 



< C \\g\\ci(n) + \9j(x)\ \V{$ Ej (x) - Xj } \, 

where we have used (I3.12p and the estimate \V x V y G e (x, y)\ < C\x — y\~ d for the last in- 
equality. This, together with the Lipschitz estimate || V$ £ ||loo(q) < C, established in [TJ, 



yields || Vw' 1 ' ||L°°(n) < C \\g\\c-/(n,)- The proof is complete. 

We now turn to the W 1,p estimate for solutions of the Neumann problem. 



□ 



Theorem 3.3. Let 1 < p < oo and Q be a bounded C 1,a domain in M. d , d > 2. Suppose that 
A G A(/i, A, r). Let w £ G W 1,P (Q) be a solution of the Neumann problem: 



div {A(x /e) (Vw £ + g) } = in Q, 
n ■ A(x/e)(Vw £ + g) — f on dQ, 



(3.13) 



where g G L P {Q; M. d ), f G W~p' p (dn) and < f, 1 >= 0. Then 

MU p (n) ~ 

where C p depends only onp, \i, \, r, and Q. 



|Vw e || iP (n) < C p 



Proof. This is a direct consequence of Theorem 1.1 in [8]. 



(3.14) 



□ 



The next theorem gives the Lipschitz estimate for solutions of the Neumann problem 
(I3.13p . Note that in addition to the ellipticity and periodicity conditions, we also assume 
that A* = A; i.e., a,ij(y) = a^y). 

Theorem 3.4. Let Q be a bounded C 1,a domain in M. d , d > 2. Suppose that A G A(/i, A, r) 
and A* = A. Let g G C 7 (f2; ~R d ), and f G C 7 (<9f2) with mean value zero, for some < 7 < a. 
Let w £ G H 1 ^) be a solution of the Neumann problem Ii3.13\) . Then Vw E G L°°(f2), and 



|Vm £ ||l°°(c) < C 7 {||fl'||c7(n) + ||/||cT(9n)} , 



(3.15) 



where C 7 depends only on 7, n, \, r, and fl. 
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Proof. Let v £ G H 1 ^) be a solution of the Neumann problem: div(A(x/e) Vt> £ ) = in f2 
and n ■ A(x/e)Vv £ = f on <9f2. It follows from (8J Theorem 1.2] that 

||Vu 6 ||L<»(n) < C ||/||cf7(«i), 

where C depends only on 7, /1, A, r, and Q. Thus, by considering w £ — v £ , we may assume 
that / = 0. 

Let g = Oi, . . . , G C 7 (fi; M d ) and w e be a solution of flXT3|) with / = 0. Then 

w e (x) = - / — {N £ (x,y)}a ij (y/e)g j (y)dy + E 

for some constant E, where N e (x,y) denotes the Neumann function for the elliptic operator 
— div(A(x / e) V) in Q, with pole at y. Under the assumption that A G A(/i, A, r) and A* = A, 
it was proved in [8] that for d > 3, 

|A^ £ (x,x/) < C|x -2/| 2 - d , 
\V x N £ (x,y)\ + |V„iV e (x >3 /)| < C\x -y\ l ~ d , (3.16) 
|V«BV v iV e (x,i/)| < C|x 

where C depends only on /j, A, r, and fl If d = 2, one obtains \N e (x, y)\ < C v \x — y\~ T ', 
\V x N £ (x,y)\ + \V y N e (x,y)\ < C v \x - y\~ l ~\ and \V x V y N E (x,y)\ < C v \x - y\- 2 ^ for any 
77 > (this is not sharp, but enough for the proof of this theorem). It follows that for any 

Vw £ (x) = - — {V x N £ (x,y)}[a ij (y/e)g j (y) - a ij (x/e)g j (x)] dy 



dyi 

- a ij (x/e)g j (x) \ ni(y)V x N £ (x,y) da(y) 



d 

■Q-{V x N e (x,y)}[gj(y) - g j (x)]a ij (y/e)dy (3.17) 
~ 9j( x ) / —{V x N E (x,y)}[aij(y/e) - a^x/e)] dy 



- a ij (x/e)g j (x) / ni(y)V x N e (x,y) da(y). 
Jdn 

Note that if gj(x) = —Sjk, then w e (x) = Xk is a solution of (I3.13P with / = 0. In view of 
(I3.17p . this implies that 

f 9 

V(x fc ) = 5 jk / — {V x N e (x,y)}[aij(y/e) -a ij (x/e)] dy 

JndVi (3.18) 

+ a ij (x/e)5 jk / rii(y)V x N £ (x,y)da(y). 
Jan 

By combining (I3.17P and (13 . 18[) we obtain 

f & 

Vw £ {x) + gj(x)V(xj) = - —{V x N £ (x,y)}[g j (y)-g j (x)]a ij {y/e)dy. 

J n °Vi 
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As a result, for any igU, 

dy 



\Vw £ (x)\ < C\\g\\ La o (n) + C IMIc^fi) / 

Jn 

< Cllfl'llcT'(n), 



n \x-y\ d - y 



where we have used the estimate \'V x 'VyN £ (x,y)\ < C\x — y\ d (the case d = 2 may be 
handled in a similar manner). This finishes the proof. □ 

4 L p estimates 

The goal of this section is to prove Theorem 11.11 Throughout this section we will assume 
that Q is a bounded, simply connected, C l,a domain in M 3 with connected boundary, and 
that A,Be A(/i, A,r). 

Lemma 4.1. Let 2 < q < 3 and 2 < p < p , where = - — |. Given F G L q (Q; M 3 ) and 
G G L p (fi;IR 3 ) ; /e£ u £ be the unique solution in Vq(Q) of (fj.Tfj wift / = 0. Suppose that 
u £ G L 9 (ft;M 3 ). T/ien V x w e G L p (fi;R 3 ) ; and 

II V x u E ||£p(n) < C{||F||i«(n) + ||G||iP(n) + IKIU«(n)} , G 4 - 1 ) 
where C depends only on q, //, A ; r, and Q. 
Proof. It follows from the elliptic system in (jl.2p that 

div(S(a;/e)u e - F) = in Q. 
Since B(x/e)u £ -Fe L 9 (fi;M 3 ), by TheoremE2l there exists h £ G HA«(0;R 3 ) such that 

V x h £ = B(x/e)u £ - F in ft, (4.2) 

and 

IIMwMn) ^ \\B(x/e)u £ - F\\ Lq{n) . (4.3) 

Thus, 

V x [A{x/e)V x u e + h £ - G) = in a 
Since f2 is simply connected, there exists P £ G W 1,2 {Vi) such that 

A(x/e)V xu £ + h £ -G = VP £ in fi. (4.4) 

It follows that 

A-\x/s)VP £ = V xu £ + A-\x/s)(h £ -G) in O. (4.5) 
Thus, P £ G W 1 ' 2 ^) is the solution of 



div{A- 1 (x/e)(VP e -/i £ + G)} =0 infy 
A-\x/e) ( VP £ -h £ + G) = on 90, 



(4.6) 
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where we have used the fact that 

n ■ (V x u £ ) = — Div(n x u £ ) = on <9f2. 
In view of Theorem 13.31 we obtain 

||VP e ||iP(n) < C {\\h £ \\u>(u) + ll^lli/p^)} ? 

where C depends only on p, /x, A, r, and O. This, together with ( 14. 5 p and the estimate ( I4.3p . 
gives 

||V x u £ \\lp(q) < C {\\h £ \\ LP (n) + ||G||i,P(n)} 

< C {\\h s \\wi,<i(ci) + \\G\\lp(q)} (4.7) 

< C {\\F\\ Lq ^) + \\G\\LP(n) + ||We||L9(J2)} , 

where we also used the Sobolev imbedding for the second inequality. □ 

Remark 4.2. Let F G L 9 (fi;M 3 ), G G C 7 (ft;M 3 ), and / G C 7 (<9ft;R 3 ) with n ■ f = on 
<9Q and Div(/) G C 7 (<9f2), where 3 < q < oo and 7 = 1 — - < a. Let w e be the solution in 
V 2 (Q) of (jl.7p . Suppose that A is symmetric. Then 

||V x n e || LO o (f7) < C{||F||M(n) + H^Hc^n) + ||Div(/) ||c?-r(an) + ||we|U*(n)} , (4.8) 

where C depends only q, p,, A, r, and fl To see this, we let h £ G W 1 ' q (Q;M. 3 ) and P e G 
iy 1,2 (f2) be the same functions as in the proof of Lemma H~T1 It follows from (I4.4p . ( 14. 6 p and 
Theorem 13.41 that 

||V x w £ ||loc(q) < C { || VP £ \\l°°(q.) + \\h a \\L°°(n) + \\G\\L°°(n)} 

< C{||^||crr(n) + ll^llc-r^) + ||Div(/)||c7(80)} 

< C {\\h £ \\ W i, q(n) + \\G\\c^ Q) + ||Div(/)|| C7(5n) } 

< C{\\F\\ Lq{n) + \\G\\ c , { n) + ||Div(/)|| 07(a n) + KIU«(n)} , 

where we have used the Sobolev imbedding for the third inequality and (14. 3p for the last. 

Next we reverse the roles of u £ and V x u £ in the estimate ( 14.11) . 

Lemma 4.3. Let 2 < q < 3 and 2 < p < p , where = - — |. Given F G L p (Vt\ R 3 ) and 
G G L 9 (f2;IR 3 ), let u £ be the unique solution in Vq(Q) of JJ.7p with f = 0. Suppose that 
V x u £ G L 9 (fi; M 3 ) . T/jen w e G L p (ft; M 3 ) and 

IKIUp(O) < C{||F||ip(n) + ||G||i, 9 (n) + ||V x M e || i9(n) } , (4.9) 
where C depends only on q, fi, X, r, and Q. 
Proof. Let 

v £ = A(x/e)V xu £ -G in a (4.10) 
Then V x u £ = A~ 1 {x/e){y E + G) in Vt. It follows that 

div{A-\x/e){v £ + G)) = in fi. 
11 



By Theorem O there exists h £ G W x,q {£L\ R 3 ) such that 

A-\x/e){v e + G) = V xh e in Q (4.11) 

and 

IIMIw 1 .?^) — C \\ v £.\\li(Q) + ll^llw^)} < C {||V x u £ \\ L q(Q) + ||G||L9(f2)} • (4-12) 

Note that by the elliptic system (II. 2p . V x v £ = —B(x/e)u £ + F in Q. Thus, 

u e = B~ 1 (x/e)F - B' 1 {x/e)V x v £ in SI. (4.13) 

Since Q is simply connected and V x h £ = V x u £ in 0, there exists Q e € W 1,2 (f2) such that 
VQ £ = u £ — h £ in fL Thus, 

S(x/e) (VQ £ + h £ ) = B(x/e)u £ = F - V x v £ in fi. 

It follows that 

div{S(x/e) (Vg £ + /i £ ) } = div(F) in SI. (4.14) 
In view of Theorem 13.11 we obtain 

||VQ e || i p ( n) < C {\\h £ \\ Lnn) + \\F\\ LP{n) + \\Qe\\ wl -i Pm } , (4.15) 

where C depends only on p, /i, A, r, and Q. 
Finally, we note that 

n x VQ £ = n x u £ — n x h £ = —n x h £ on dVt. (4-16) 

By subtracting a constant we may assume that J dn Q £ da = 0. Since |V ta n<5e| — \n X VQ £ \ 
on dfl, we see that 

IIQell^i-I.p^ < C\\nX VQ £ \\ L n(dn) = C \\h £ \\L<n(dSl) 

<C\\h £ \\ wl _i, q{m) <C\\h £ \\ wl , g{n) 

< C{||V x u £ \\ Lq{n) + ||G?|| w( n)}, 

where q% = 2p/3 and we have used the Sobolev imbedding on dQ as well as the estimate 
( 14~T2D . This, together with (147L5D and (Q2]l . gives 

— C { \\F\\ L p(Q) + HG'IIl'J(Q) + || V X U £ \\ L q(Q)} , 

and completes the proof. □ 

Remark 4.4. Let F G C 7 (fi;M 3 ), G G L"(fi;M 3 ), and / G C 7 (<9ft;M 3 ) with n-/ = 0on 
dQ, where 3 < q < oo and 7 = 1 — - < a. Let u £ be the solution in V 2 (Q) of (jl.7p . Then 

||« e |U°°(n) < C{||F||c7(q) + ||G||L?(n) + ||/||c-r(an) + ||V x u £ \\ Lqin) } , (4.17) 
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where C depends only on q, //, A, r, and Q. To see this, we let h £ G W 1,q (fl; M 3 ) and 
Q £ G FT 1 ' 2 (Q) be the same functions as in the proof of Lemma \4. 31 It follows from Theorem 
E2] that 

||' u e|U° c (f7) < || ^Qe\\L°°(n) + ||MU°°(n) 

< C{\\F\\ c , ( n) + HM^(n) + ||Vt,»Q 6 ||<?r(ai)} . ^ 

< C { ||-F||ct(0) + ll^llw 1 '^) + II V t anQe||c*^(SO)} 

< C {||F||c7(n) + 11^11^9(0) + ||V x w e ||i«(n) + ||V ta nQe||cT(an)} > 

where we have used the Sobolev embedding for the third inequality and (14.121) for the fourth. 
This, together with the estimate 

|| VtanQeHc^dn) < \\ n x VQ £ || C"?(8n) 

< \\n x u e \\ C i(dv.) + ||n x Mc^(sn) 

< ||/||(7T(an) + C \\h £ \\ w i, q ^Q) 

< ||/||c?T(an) + C {||V x w e |U^(n) + ||G|| L g ( n)} , 

gives (HT7I) . 

We are now ready to prove Theorem 11.11 

Proof of Theorem dUl Given / G L p (<9fi;M 3 ) with n • / = on dQ and Div(/) G 
jy _ p ,p (<9f2), it follows from [TJ] Theorem 11.6] that there exists u G V P (Q) such that nx« = / 
on dfl and 

IMIx^n) + II V x u\\ LP(n) < C p {||/|| LP(9n) + ll Div (/)ll w -i, P(an) } • 

Consequently, by considering u e — u in f2, we may assume that / = 0. 

We first consider the case p > 2. The uniqueness follows from the uniqueness in the 
case p = 2. Let F G L p (fi;M 3 ), G G L p (fi;M 3 ), and u £ be the unique solution of flL2j) 
in V^ 2 (f2). To establish the L p estimate f ll.lOp . we further assume that 2 < p < 6. Since 
IKIIl 2 (q) + II V x m £ || L 2 (c) < C {11^11 i,2(r2) + ||G|| L 2 ( q)}, it follows from (TCTJ that 

||V X U e ||iP(n) < C {||-F||l 2 (Q) + ||G||LP(f2) + ||« e |Ua(ft)} 

< C {ll-^IUp(n) + ||G|Up(f2)} • 

Similarly, by the estimate ( 14. 9p . 

||w e ||iP(n) < C {||F|| iP (n) + ||G||r2(n) + ||V x u e \\ L 2 {n) } 
< C { ||-F||lp(q) + ||G||iP(n)} • 

Suppose now that p > 6. Let 5 = 5 + 3- Then 2 < g < 3 and we have proved that 

||^e|U«(fi) + || V X U E |U«(J2) < C { ll-^ll L9(J2) + ||GlU«(fi)} • 
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As before, we may use estimates (14. ip and (14.91) to obtain 

II V x u £ ||_LP(f}) < C { ||-F|| L9 (n) + ||G|| LP (n) + ||w e ||x9(n)} 
< C \\\F\\lp{v.) + ll^lli/p^)} ? 

and 

||w e ||LP(n) < C{||-^IUp(n) + II C II z.<3(o) + || V x u e ||i«(n)} 

< C {ll-^IUp(n) + 11^11^(0)} • 

Finally, we handle the case 1 < p < 2 by a duality argument. Let F,G 6 C^°(f2;lR 3 ) 
and u £ be the solution in Vq(Q) of (11.21) . Let F 1; G 1 G C^°(f2; M 3 ) and i> £ be the solution in 

of 

' V x (A*(x/e)V x u e ) + S*(x/£)v e = F 1 + VxG 1 in Q, 

n x t> £ = on dQ, 

where A* and B* are the adjoints of A and 5, respectively. Since A* and £?* satisfy the 
same conditions as A and B, we see that 

IKIIiP'Cfi) + ll V X V e\\Lp'(Q) < C { 11-^1 II LP' (CI) + \\ G i\\lp , (CI)\ ■ ( 4 - 19 ) 

Note that 

Fx ■ u £ dx + / Gx ■ V x w E dx 
n Jn 

/ A(x/e)V x m £ • V x v £ dx + / B{x/e)u £ ■ v £ dx (4.20) 
</q Jn 



F ■ v £ dx + / G • V x v £ dx. 
u Jn 

This, together with (14.191) . yields 

IKIU P (") + II V x u e \\ L p(ci) < C {\\F\\ LP{n ) + ||G||z, P (fi)} , (4.21) 

by duality. With the estimate (14.211) at our disposal, the existence of solutions in V P (Q) 
as well as the estimate (ll.lOp for arbitrary data F,G G L P (Q; M 3 ) follows readily by a 
density argument. Observe that the duality relation (14.201) holds as long as u £ G V P (Q) and 
v £ G V p (fl) are solutions of (11.21) and its adjoint system, respectively. The uniqueness for 
p < 2 also follows from (I4.20p and (14.191) by duality. This completes the proof of Theorem 

o □ 



5 Proof of Theorem 11.2 



Choose q > 3 such that 7 = 1 — -. It follows from estimates (14. 8 p and ( I4.17P that 

||we||i«>(n) + ||V x u £ \\ L °a(n) 

< C{\\F\\ct(ci) + ||Gf||o^(n) + Il/Ilc^(«i) + ||Div(/)llcW 

+ IKIU?(n) + ||V x u £ \\ Lq (n)}. 

This, together with the L q estimate of u £ and V x u e in Theorem ll.il gives (11.111) . 
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